(1) 0(xUy) = SxKJQy for all x, y£L.
It is easily shown that every join-endomorphism is an isotone correspondence (i.e. x^y implies ®x=i 8y). It is also easy to see that the set / of antecedents of 0 under any join-endomorphism is an ideal. (For these and other facts used in the sequel we refer to the textbook of G. Birkhoff, Lattice theory, rev. ed., New York, 1948, henceforth cited as LT.)
G. Birkhoff states in LT (p. 208, Example 4) that all join-endomorphisms 9 of any lattice L form an /-semigroup, where the join of two join-endomorphisms 0 and <£ satisfies (2) (6 \J *)* = 0x U $x for all x£L.
But this statement is not true in general; indeed, we shall show that there exists a lattice whose join-endomorphisms do not form an lsemigroup under the join stated.
We shall also deal with the following question proposed by G.
Birkhoff in LT.
Problem 93. Is the lattice of all join-endomorphisms of an arbitrary lattice semi-modular?
We shall show that the answer is negative.1 Namely, restricting ourselves to finite lattices, we shall prove that there exists no lattice whose lattice of all join-endomorphisms is semi-modular and not distributive; furthermore, the lattice of all join-endomorphisms of any lattice L is distributive if and only if L is distributive. We give also some generalizations of these results.
1. On the existence of the lattice of all join-endomorphisms. In what follows Lu will denote the set of all join-endomorphisms of a lattice L, where the join of two elements 0 and $ of Lv is defined by (2); the join operation gives rise to a partial ordering in Ly; 0g<I> if and only if 0x^<£x for all xEL.
Firstly we show by an example that Lu is in general not a lattice. Let V be the chain of all real numbers of the closed interval [0, l] with the usual ordering. Let us consider in V■ V (the cardinal product of V by itself, in the sense of LT p. 7) the sublattice L consisting of all elements of V-V, with the exception of (1,0). L is actually a sublattice of V-V, for (1, 0) is join-and meet-irreducible.
Let In what follows we shall need the following sufficient condition for Lv to be a lattice. In this paper we show the uniqueness of the relation between a segment and its angle of parallelism as derived from a model. Upon generalizing this relation hyperbolic trigonometry follows in a remarkably simple way.
To introduce proper terminology [5, pp. 11-28] let S denote an axiom system, that is a certain set of axioms together with the undefined technical and logical or universal terms used to state the axioms. We define the terms interpretation and model in the usual fashion. It is useful to make a clear distinction between the following three concepts.
(1) A 1,-statement is a meaningful expression, not necessarily true, in the technical and universal terms of S. (2) A P-S-statement is a true S-statement in the sense of being logically derivable from S. (3) If I denotes an interpretation of S, then an 1-1,-statement is a S-statement holding for the model which results from the interpretation I. For the purpose of this paper let S be the postulate system of Hilbert [3, with the Euclidean axiom of parallelism replaced by the characteristic postulate of hyperbolic plane geometry [6, p. 66] . Some authors have used models to find PS-statements [l, §39-117; 2] . Such a procedure, however, may be objectionable [l, §118] . Conceivably an 7-S-statement could be made which is not a P-S-statement, but is merely a property of a particular model. In other words, it might be possible to find contradictory PS-statements in two different models. Clearly, if this happens it indicates that our system S is not complete [5, pp. 33-36] . Any 7-S-statement that is not a P-S-statement would still be compatible with the axioms of S.
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